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Abstract
We determine the chromatic number of some graphs of flags in build-
ings of type A4, namely of the Kneser graphs of flags of type {2, 4} in the
vector spaces GF (q)5 for q ≥ 3, and of the Kneser graph of flags of type
{2, 3} in the vector spaces GF (q)5 for large q.
Keywords: q-analog of generalized Kneser graph, chromatic number
1 Introduction
Let V be an n-dimensional vector space over the finite field GF (q) with n ≥ 2.
A flag of V is a set F of non-trivial subspaces of V (that is, different from
{0} and V ) such that for all α, β ∈ F one has α ⊂ β or β ⊂ α. The subset
{dim(α) | α ∈ F} is called the type of F and it is a subset of {1, 2, . . . , n− 1}.
Two flags F and G are in general position if α ∩ β = {0} or α + β = V for all
α ∈ F and β ∈ G.
For Ω ⊆ {1, 2, . . . , n−1} we define the q-Kneser graph qKn;Ω to be the graph
whose vertices are all flags of type Ω of V with two vertices adjacent when the
corresponding flags are in general position and for k ∈ {1, . . . , n − 1} we put
qKn;k := qKn;{k}.
We are interested in the chromatic number of these graphs and hence in their
independence number. In many cases these numbers are known, when |Ω| = 1,
Ω = {k} and n ≥ 2k. To state the following results, for any 1-dimensional
subspace T of V we call the set of all flags F of type Ω and for which F ∪ {T }
is a flag, the point-pencil (of flags of type Ω) with base point T . Furthermore,
we use the Gaussian coefficient[
a
b
]
q
:=
(qa − 1) · · · (qa−b+1 − 1)
(qb − 1) · · · (q − 1)
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for all a, b ∈ N and every prime power q ≥ 2. The Gaussian binomial coefficient[
a
b
]
q
is equal to the number of b-spaces of the vector space Faq , or in projective
context, the number of (b − 1)-spaces in the projective space PG(a − 1, q).
Moreover, we will denote the number
[
n+1
1
]
q
by the symbol θn.
Theorem 1.1 ([3]). If k > 3, and either q > 3 and n > 2k + 1, or q = 2 and
n > 2k + 2, then the chromatic number of the q-Kneser graph is χ(qKn;k) =[
n−k+1
1
]
q
. Moreover, each color class of a minimum coloring is (contained in)
a point-pencil and the base points of these point-pencils are the 1-subspaces of a
fixed subspace of dimension n+ 1− k.
The main tool in the proof of that result is the knowledge of the independence
number of the graph qKn;k, the structure of the largest independent sets and
a Hilton-Milner type theorem. In this setting, an independent set is a set of
pairwise intersecting k-spaces in V , which is also called an Edo˝s-Ko-Rado set in
reference to the authors who first introduced the problem in set theory in [5].
Indeed, for n > 2k, a point-pencil is an independent set, and it was shown in
[9, 6] that these are the largest independent sets.
A Hilton-Milner type theorem, named in reference to the authors of [7], is
a theorem providing the second largest families of pairwise intersecting sets. In
the vector space setting such a theorem was proven in [3] and states that every
independent set, which is sufficiently large, is contained in a point-pencil.
In this paper we determine the chromatic numbers of the graphs qK5;Ω for
Ω = {2, 3} and q 6= 2 and for Ω = {2, 4} and very large q. Our first result is the
following.
Theorem 1.2. For q ≥ 3 the chromatic number of the Kneser graph qK5;{2,4} is[
4
1
]
q
. Moreover, each color class of a minimum coloring is contained in a unique
point-pencil and the base points of the obtained points-pencil are the 1-subspaces
of a fixed 4-dimensional subspace.
The proof of this result relies on results of [4], where it was not only shown
that the independence number of qK5;{2,4} is (q + 1)(q
2 + 1)(q2 + q + 1), but
also all maximal independent sets with more than 5q2 + 5q + 1 elements were
determined. One advantage of this graph is that the largest independent sets
have an easy structure.
This is different for the graph qK5;{2,3}. Here point-pencils are independent
sets but they are not maximal and maximal independent sets are slightly larger
than a point-pencil. Moreover, every point-pencil is contained in more than one
largest independent set. Also, since flags of type {2, 3} are self-dual, there are
examples that are dual to the maximal ones that contain a point-pencil. This is
partially the reason why we can determine the chromatic number only for very
large q.
Theorem 1.3. For q > 160 · 365 the chromatic number of the Kneser graph
qK5;{2,3} is q
3 + q2 + 1. Up to duality, each color class of a minimum coloring
is related to a unique point-pencil and the q3 + q2 + 1 corresponding base points
are contained in a 4-space.
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Remarks. 1. In the Kneser graph qK5;{2,3} there are various possibilities
for a minimum coloring. For example, using point-pencils, the q3+ q2+1
base points corresponding to the color classes are distinct 1-dimensional
subspaces of a 4-dimensional subspace T . However, the structure of the q
remaining 1-dimensional subspaces of T is not fixed, indeed not even the
dimension of the subspace they span is fixed.
2. We could imagine that our technique for the proof of 1.3 can be generalized
to determine the chromatic number of the Kneser graphs qK2n+1;{n,n+1}
for large values of q, provided one can determine the independence number
and a Hilton-Milner type theorem for these graphs. This has been done
however only for n = 2 as mentioned above in [4] and for n = 3 in [8].
3. In [8] the authors classified the largest independent sets of the Kneser
graph qK7;{3,4} for q ≥ 27 and also proved an upper bound for the second
largest maximal independent sets. We are convinced that similar tech-
niques as used in the present paper can determine the chromatic number
of qK6;{3,4}. Since a proof certainly will be more elaborate, we did not
try to integrate such a proof in the present paper. In [2] the independence
number of qKn;{1,n−1} was determined and up to our knowledge this has
not yet been used to determine the chromatic number of the graph.
This paper is organized as follows. In Section 2 we determine the optimal
colorings of the Kneser graph qK5;{2,4}. In Section 3 we provide several examples
for optimal colorings of the Kneser graph qK5;{2,3}. In Section 4 we consider
three points P1, P2, P3 and a set M of points in PG(4, q), q large, with M ∩
〈P1, P2, P3〉 = ∅ and |M | = cq3 for some positive constant c < 1.
We prove that, if every one of the three points Pi sees M in only few direc-
tions, then there exists a solid S that contains at least mq2 points of M , where
m is a constant. This will be a crucial tool in Section 5, where we determine
the chromatic number of the Kneser graph qK5;{2,3} for large values of q.
2 The Kneser-graph qK5;{2,4}
In this section we work in a vector space V of dimension 5 over the finite field
GF (q) for some prime power q. For each 1-dimensional subspace P , we denote
by F(P ) the point-pencil with base point P .
Example 2.1. If S is a 4-dimensional subspace of V and [S] the set of all its
1-dimensional subspaces, then {F(P ) | P ∈ [S]} is a covering of qK5;{2,4} with
independent sets.
This example shows that there exists a coloring of qK5;{2,4} with θ3 color
classes where each color class is a subset of a point-pencil. Theorem 2.3 below
implies that every coloring with at most θ3 color classes has the same structure
of Example 2.1. For the proof of 2.3, we use the following result.
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Theorem 2.2 ([4]). The independence number of qK5;{2,4} is e0 := θ3θ2 and
every independent set of qK5;{2,4} that is not contained in a point-pencil has at
most e1 := 2q
4 + 3q3 + 4q2 + 2q + 1 elements.
Our main result in this section is the following theorem.
Theorem 2.3. Suppose that C is a covering of the vertices qK5;{2,4} consisting
of q3+ q2+ q+1 maximal independent sets. Then C consists of all point-pencils
with base point contained in a given 4-dimensional space.
Proof. From Theorem 2.2 we have |F | = e0 or |F | ≤ e1 for each F ∈ C. More-
over, |F | = e0 implies F = F(P ) for some 1-dimensional subspace P . Let M
be the set of 1-dimensional subspaces P of V with F(P ) ∈ C. Let L be the set
of 2-dimensional subspaces of V that contain at least one subspace of M . For
L ∈ L we denote by cL the number of 1-dimensional subspaces of M that are
contained in L. By double counting the flags (P,L) with P ∈M and L ∈ L we
find ∑
L∈L
cL = |M |θ3,
since each 1-dimensional subspace lies in θ3 subspaces of dimension 2. Next, we
double count all triples (P, P ′, L) ∈ M ×M × L with L = P + P ′. Since any
two distinct 1-dimensional subspaces of M generate a 2-dimensional space, we
find ∑
L∈L
cL(cL − 1) = |M |(|M | − 1).
For L ∈ L we have cL ≤ q + 1 with equality if all 1-dimensional subspaces of L
belong to M . It follows that
|L| =
∑
L∈L
cL −
∑
L∈L
(cL − 1) ≤ |M |θ3 − |M |(|M | − 1)
q + 1
with equality if and only if cL ∈ {1, q + 1} for all L ∈ L. Since the number
of subspaces of dimension 3 that contain a 2-dimensional subspace is θ2, the
union of all sets F(P ) with P ∈M contains |L|θ2 flags of type {2, 4}. If we put
x := θ3− |M |, then C contains x independent sets of cardinality at most e1 and
hence we have ∣∣∣∣∣
⋃
F∈C
F
∣∣∣∣∣ ≤
(
|M |θ3 − |M |(|M | − 1)
q + 1
)
θ2 + xe1. (1)
Since the union of all independent sets in C is the set of all flags of type {2, 4}
and thus has cardinality
[
5
2
]
q
θ2, it follows that (use |M | = θ3 − x)
x2 + xq4
q + 1
· θ2 ≤ xe1. (2)
4
First, consider the case when q ≥ 4. Then (2) implies x = 0 and we have
equality in our estimates. Hence cL ∈ {1, q + 1} for all L ∈ L. That is, each
L ∈ L has the property that either one or all 1-subspaces of L belong to M .
This implies that the union of all 1-subspaces of M is itself a subspace. Since
it contains |M | = q3 + q2 + q + 1 subspaces of dimension 1, this subspace has
dimension 4 and we are done.
Now, suppose that q = 3. Then (2) shows x ≤ 7 and thus |M | ≥ 33. It is not
possible that cL ≤ q holds for all L ∈ L, since otherwise we could improve the
bound (1) by replacing q+1 in the denominator by q and this improved bound
would yield a contradiction. Hence, there exists some L ∈ L with cL = q+1 = 4.
Each of the remaining |M |−4 ≥ 29 elements ofM spans a 3-space with L. Since
the number of 3-spaces on L is 13, it follows that there exists a subspace S, with
dim(S) = 3, (on L) that contains at least 4 + 3 = 7 elements of M . Similarly,
since |M | ≥ 33 = 26 + 7, then one of the four 4-dimensional subspaces on S
contains at least 7 + ⌊ 264 ⌋ = 14 elements of M . We let T be a 4-dimensional
subspace on S which contains at least t ≥ 14 elements of M . Then the number
of subspaces of dimension 2, that contain one of these t subspaces is at most
130+27t with equality only if all 130 subspaces of dimension 2 of T belong to L.
If P ∈ M with P 6⊆ T , then t of the 40 subspaces of dimension 2 on P contain
an element of M that is contained T . It follows that
|L| ≤ 130 + 27t+ (|M | − t)(40− t).
The union of the independent sets F(P ) with P ∈ M is |L|θ2. Since the
remaining x independent sets of C each contain at most e1 flags, and since the
total number of {2, 4} flags is [52]qθ2, it follows that[
5
2
]
q
θ2 ≤ |L|θ2 + xe1 ≤ (130 + 27t+ (40− x− t) · (40− t))θ2 + xe1.
Using e1 = (2q
2 + q + 1)θ2, we can divide by θ2 and find
0 ≤ (t− 14)(t+ x− 39)− 4x− 26. (3)
Since 14 ≤ t ≤ |M | = 40− x, it follows first that t > 39− x, that is t = |M | =
40 − x. Then (3) gives 0 ≤ −5x and hence x = 0, t = 40 and |M | = 40. This
implies that C consists of the sets F(P ) for the 40 subspaces P of dimension 1
of T .
Theorem 1.2 follows from Theorem 2.3.
3 Colorings of the Kneser-graph qK5;{2,3}
We will now switch to projective language. The vector space V of dimension 5
over GF (q) and its subspaces correspond to the projective space PG(4, q) and
its subspaces. We remark that a subspace of V of dimension r has projective
5
dimension r − 1. Subspaces of projective dimension 0, 1, 2 and 3 will be called
points, lines, planes and solids, respectively. A flag of type {2, 3} of V cor-
responds to a line-plane flag of PG(4, q). Hence, it is a set {ℓ, π} of a line ℓ
and a plane π with ℓ contained in π. Two flags {ℓ, π} and {ℓ′, π′} are adjacent
in qK5;{2,3} if and only if the flags are in general position in PG(4, q). This
means l ∩ π′ = ∅ = l′ ∩ π and also implies that π ∩ π′ is a point. In projective
language, an independent set of the Kneser graph is a set of line-plane flags
that are mutually in general position. Here, too, independent sets will be called
Erdo˝s-Ko-Rado sets of line-plane flags, in short, EKR-sets. Thus, the chromatic
number of the Kneser graph qK5;{2,3} is the smallest number of EKR-sets whose
union comprises all line-plane flags.
Notation. Although a flag is a set, we will write flags {S, T } of cardinality
two of projective spaces as ordered pairs (S, T ) where dim(S) < dim(T ).
Point-pencils of line-plane flags are EKR-sets. However, these are not maxi-
mal and, as mentioned in the introduction, contained in more than one maximal
EKR-set, as we shall see below.
Examples 3.1 (EKR-sets). Let M be the set of all line-plane flags of PG(4, q).
For point-line flags (P, ℓ), point-solid flags (P, S), plane-solid flags (τ, S) and
point-solid flags (P, S) we define the EKR-sets
F(P, ℓ) := {(h, π) ∈M | P ∈ h or ℓ ⊂ π},
F(P, S) := {(h, π) ∈M | P ∈ h or P ∈ π ⊂ S},
F(S, τ) := {(h, π) ∈M | π ⊂ S or h ⊂ τ},
F(S, P ) := {(h, π) ∈M | π ⊂ S or P ∈ h ⊂ S}.
Let F be one of the examples above. In the first two cases we call F(P ) :=
{(h, π) ∈ M | P ∈ h} the generic part and F \ F(P ) the special part of F . In
the remaining two cases, we call F(S) := {(h, π) ∈M | π ⊂ S} the generic part
and F \ F(S) the special part of F .
Notice that examples 1 and 3 as well as 2 and 4 are dual to each other. Also
all four examples have cardinality
e0 :=
[
4
3
]
q
·
[
3
2
]
q
+ q2
[
3
1
]
q
= θ2(θ3 + q
2)
and their special parts have cardinality q2θ2. It was shown in [1] that these ex-
amples are the largest EKR-sets of line-plane flags in PG(4, q). We reformulate
their result as follows.
Theorem 3.2 ([1, Proposition 2.1]). Let F be an EKR-set of line-plane flags
of PG(4, q). Then |F| ≤ e0 and equality occurs if and only if F is one of the
sets defined in Examples 3.1.
As we explain in the appendix, it was essentially shown in [1] that every
EKR-set of line-plane flags of PG(4, q), which is not a subset of one of the sets
defined in Examples 3.1, has cardinality at most
e1 := 4q
4 + 9q3 + 4q2 + q + 1.
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Examples 3.3 (Colorings of qK5;{2,3}). Let S be a solid of PG(4, q).
1) Consider a set W of q points of S and suppose that there is a map ν from
S \ W to the set of lines of S such that P ∈ ν(P ) for all P ∈ S \ W
and such that every line of S that meets W lies in the image of ν. Then
{F(P, ν(P )) | P ∈ S \W} is a set of EKR-sets whose union is the set of
all line-plane flags of PG(4, q).
We provide examples of a set W and a map ν satisfying these conditions:
(a) Suppose that W is a set of q points P1, . . . , Pq which lie on a common
line ℓ and let P0 be the last remaining point of ℓ. For each plane π of
S on ℓ, fix a numbering ℓ1(π), . . . , ℓq(π) of the lines 6= ℓ of π on P0.
Define the map ν from the set S \W to the line-set of S by ν(P0) = ℓ
and ν(P ) := PPi, if P /∈ ℓ and P ∈ ℓi(〈P, ℓ〉).
(b) Suppose that W is a set of q points in a plane π. If such a map ν
is defined on π \W , then one can extend it to S as follows: The q
points in W meet at most q(q+1) lines of π and thus there is at least
one line g ≤ π which does not meet the set W . Let π1, . . . , πq be the
planes on g in S different from π and for all i ∈ {1, . . . , q} and all
P ∈ πi \ π set ν(P ) := PPi.
Obviously, one can define such a map ν on a plane π \ W if W
only spans a line therein, because then the construction in (a) can be
used. However, one can also find such a map ν if W spans the plane
π and we give a simple construction in the case where q − 1 points
P1, . . . , Pq−1 of W lie on a common line ℓ0 and the last point Pq of W
satisfies π = 〈Pq, ℓ0〉. We let Q0 and Q1 be the two remaining points
of ℓ0 and we fix a numbering ℓ1, . . . , ℓq of the lines different from ℓ0
of π on Q0, such that ℓq = Q0Pq. Then, for all i ∈ {1, . . . , q − 1}
and all P ∈ ℓi \ {Q0} we set ν(P ) := PPi. Furthermore, we set
ν(Q0) := ℓ0, ν(Q1) := Q1Pq and for all P ∈ ℓq \ {Q0, Pq} we set
ν(P ) := ℓq.
2) Finally, we give an example which also uses EKR-sets with special part
coming from a solid, that is, EKR-sets F(P, S) for a point-solid flag (P, S).
Here, suppose again that the q points P1, . . . , Pq of W only span a line
ℓ of S and let P0 be the last remaining point of ℓ. For any plane π with
ℓ ≤ π ≤ S fix a numbering ℓ1(π), . . . , ℓq(π) of the lines of π on P0 different
from ℓ as well as a numbering S1(π), . . . , Sq(π) of the solids on π different
from S and put
F1(π) :=
q⋃
i=1
{F(P, PPi) | P0 6= P ∈ ℓi(π)},
F2(π) :=
q⋃
i=1
{F(P, Si(π)) | P0 6= P ∈ ℓi(π)}.
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Now, let Π be the set consisting of all planes of S that contain ℓ and for
every subset R of Π put
F(R) := {F(P0, ℓ)} ∪
⋃
π∈R
F1(π) ∪
⋃
π∈Π\R
F2(π).
Then for all R ⊆ Π the set F(R) consists of θ3− q EKR-sets whose union
is the set of all line-plane flags.
This list of examples is not a complete list of all colorings with θ3 − q col-
ors. For example, one can also find colorings by replacing the EKR-sets in the
colorings described above by their dual structure. However, this list shows that
the chromatic number of Γ is at most θ3 − q and provides several examples of
different structures. We will prove in Section 5 that the chromatic number is in
fact equal to θ3 − q, provided q is large enough.
4 A lemma on point sets
Lemma 4.1. Suppose that M is a set of points in PG(4, q), and P1, P2, P3 are
three non-collinear points such that the plane π they span has no point in M .
Let m, n and d be positive real numbers such that the following hold:
• Each of the points P1, P2, P3 lies on at most nq2 lines that meet M ,
• |M | = dq3,
• q > 32n5m/d5.
Then there exists a solid S on π with |S ∩M | ≥ mq2.
Proof. Let πj , 1 ≤ j ≤ q2 + q be the planes on the line P1P2 different from
π, and for i ∈ {1, 2} and j ∈ {1, . . . , q2 + q} let aij be the number of lines
of πj on Pi that meet M . Then xj := |πj ∩M | ≤ a1ja2j . This implies that√
xj ≤ 12 (a1j +a2j). Since each of P1 and P2 lies on at most nq2 lines that meet
M , it follows that
nq2 ≥ 1
2
∑
j
(a1j + a2j) ≥
∑
j
√
xj .
Put R := {j | xj ≥ cq2} with c = d24n2 . Then
nq2 ≥
∑
j /∈R
√
xj ≥ 1√
cq
∑
j /∈R
xj ≥ 1√
cq
(|M | − |R|q2),
since the sum of xj over all j is |M | and since each plane πj with j ∈ R meets
M in at most q2 points. It follows that
|R|q2 ≥ |M | − nq2√cq
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Assume the statement is not true, that is, every solid on π meets M in at most
mq2 points. Then every solid on π contains at most mq2/cq2 planes πj with
j ∈ R. Hence, the number of solids on π that contain a plane πj with j ∈ R is
at least |R|c/m. This implies that P3 lies on at least
|R|c
m
· cq2
lines that meet M . Hence |R|c
m
· cq2 ≤ nq2.
Comparing this to the lower bound for |R|, we find
(|M | − nq2√cq) c
m
· c ≤ nq2 =⇒ |M | ≤ √cnq3 + mnq
2
c2
.
Since
√
cn = 12d, we find a contradiction to the hypotheses.
Remark. This lemma is the main reason why we can prove Theorem 1.3 only
for very large values of q. In partiular, we will only need a very large value of
q when we apply this lemma, but the remaining arguments in the next section
only require q > 379.
5 The chromatic number of qK5;{2,3}
In this section we prove, for large values of q, that the chromatic number of
qK5;{2,3} is θ3 − q. Notice that we already know a coloring with this many
colors, so we only have to show that one can not do better.
Notation. We assume that F = {F1, . . . , Fθ3−q} is a family of θ3−q distinct
non-empty EKR-sets of line-plane flags of PG(4, q) whose union consists of all
line-plane flags of PG(4, q). We shall show that each element F of F is necessary
in the sense that there will be a flag that lies in F but in no other member of F.
This implies that the chromatic number of the graph qK5;{2,3} is at least θ3− q,
and hence it is exactly θ3 − q.
We may (and will) assume that all EKR-sets of F are maximal. This implies
that |F | = e0 or |F | ≤ e1 for all F ∈ F, see Section 3. We may also assume
that no two members of F of size e0 have the same generic part, since otherwise
we replace one of the two EKR-sets by its special part, which has cardinality
q2θ2 < e1 (if this special part happens to already be a member of F, then we can
still add up to e1 − q2θ2 flags to avoid this). According to Theorem 3.2 every
F ∈ F with |F | = e0 is either based on a point P and thus F is equal to F(P, ℓ)
or F(P, S) for a line ℓ or a solid S on P , or based on a hyperplane S and thus
is equal to F(S, π) and F(S, P ) for a plane π or a point P of S. By passing to
the dual space if necessary, we may assume that at least one half of these are
based on a point. By I we denote the set consisting of all i ∈ {1, . . . , θ3 − q}
such that |Fi| = e0 and Fi is based on a point. For i ∈ I we denote the base
point of Fi by Pi, that is, Fi = F(Pi, X) with X a line or a solid.
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Lemma 5.1. The number of all line-plane flags of PG(4, q) is equal to[
5
3
]
q
·
[
3
2
]
q
= |F|e0 − (2q7 + 3q6 + 4q5 + 3q4 + 2q3 + q2).
Lemma 5.2. Suppose that q ≥ 41 and let S be a solid. Denote by c1 the
number of indices i ∈ I with Pi /∈ S and by c3 the number of EKR-sets F ∈ F
with |F | ≤ e1. Then (|I| − c1) + c3 ≤ 5q2 or c1 + c3 ≤ 4q2.
Proof. We have |I| ≥ 12 (|F| − c3), we know that for all i ∈ I the set Fi is based
on a point Pi and we set A := {a ∈ I | Pa ∈ S}. For a ∈ A the set Fa contains
θ22 flags (ℓ, π) with P ∈ ℓ ⊆ S. Since there are (q2+1)θ2 lines in S, there are at
most (q2 + 1)θ22 flags (ℓ, π) with ℓ ⊆ S. It follows that∣∣∣∣∣
⋃
a∈A
Fa
∣∣∣∣∣ ≤ |A|(e0 − θ22) + (q2 + 1)θ22.
If i ∈ I \ A, then for each a ∈ A, the sets Fi and Fa share the θ2 line-plane
flags (ℓ, π) with ℓ = PiPa. Different a in A yield different θ2 pairs, and hence
Fi contains at least |A|θ2 flags that are contained in ∪a∈AFa. It follows that∣∣∣∣∣
⋃
i∈I
Fi \
⋃
a∈A
Fa
∣∣∣∣∣ ≤ |I \A|e0 − |A||I \A|θ2.
Lemma 5.1 implies therefore that
c3(e0 − e1) + |A|θ22 − (q2 + 1)θ22 + |A|(|I| − |A|)θ2
≤ 2q7 + 3q6 + 4q5 + 3q4 + 2q3 + q2 = q2θ2(2q3 + q2 + q + 1).
Since e0 − e1 ≥ θ2(q3 − 3q2 − 4q + 5) and |A| = |I| − c1, this implies
c3(q
3 − 3q2 − 4q + 5) + (|I| − c1)θ2 + c1(|I| − c1) ≤ 2q5 + (2q2 + 1)θ2. (4)
Assume the statement of the lemma is wrong. Then
0 ≤ (c1 + c3 − 4q2)(|I| − c1 + c3 − 5q2). (5)
If we add the right hand side of (5) to the right hand side of (4) we find a
valid inequality. If we replace in this inequality |I| by 12 (θ3 − q − c3) + z with
z := |I| − 12 (θ3 − q − c3) we find after simplifications
2(5q2 + q + 1− c3)z + (q3 + 6q2 − 9q + 8− c3)c3 + q5
≤ 38q4 + 2q3 + q + 1 + (2q + 2)c1. (6)
Now, we have z ≥ 0, (4) implies c3 ≤ 3q2 for q ≥ 13 and hence (q3 + 6q2− 9q+
8− c3)c3 ≥ 0 as well as 2(5q2 + q + 1− c3)z ≥ 0, so (6) implies
q5 ≤ 38q4 + 2q3 + q + 1 + (2q + 2)c1.
As c1 ≤ |I| ≤ |F| ≤ θ3 − q, this is a contradiction for q ≥ 41.
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Assumption. For the remaining part of this section we assume that
q > 160 · 365. (7)
Lemma 5.3. There exists a solid S such that
|{F ∈ F : |F | ≤ e1}|+ |{i ∈ I : Pi /∈ S}| ≤ 4q2.
Proof. Let c3 be the number of F ∈ F with |F | 6= e0 and thus |F | ≤ e1. Then
F contains β ≥ 12 (θ3 − q − c3) EKR-sets that are largest EKR-sets based on a
point. Let these be Gi, i = 1, . . . , β, let Ri be the base point of Gi and put
gi :=
∣∣∣∣∣∣Gi ∩
i−1⋃
j=1
Gj
∣∣∣∣∣∣ .
Then | ∪ Gi| = βe0 −
∑β
i=1 gi. We may assume that the sequence g1, . . . , gβ is
monotone increasing. We want to show that gj for j :=
1
4q
3+ q2+2q+1 is less
than 9q2θ2. Indeed, otherwise we would have
∑β
i=j gi ≥ (β − j + 1)9q2θ2 and
Lemma 5.1 would show
(β − j + 1)9q2θ2 + c3(e0 − e1) ≤ 2q7 + 3q6 + 4q5 + 3q4 + 2q3 + q2.
Using the lower bound for β , the fact that Lemma 5.2 implies c3 ≤ 5q2 as
well as e0 − e1 = q5 − q4 − 5q3 + q, we find that this is impossible. Hence
gj < 9q
2θ2 and therefore gi < 9q
2θ2 for all i ≤ j. Now, let Q1, Q2 and Q3 be
three non-collinear points in {Ri : i ∈ {j − q − 1, . . . , j}} and let M be the set
of all points Ri with i ≤ j− q− 2 that do not lie in the plane π := 〈Q1, Q2, Q3〉.
Then |M | ≥ 14q3. Also, each of the points Qi lies on less than 9q2 lines that
meet M , since every such line lies in θ2 flags that are contained in the union of
the Gi with i ≤ j − q − 2. Then Lemma 4.1 gives a solid that contains at least
5q2 points of M . The statement follows now from Lemma 5.2.
Notation. From now on we denote by S the unique solid that contains all
but at most 4q2 of the points Pi with i ∈ I and we use the following notation:
• C0 := {Fi | i ∈ I, Pi ∈ S}.
• C1 := {Fi | i ∈ I, Pi /∈ S}.
• C2 := {Fi | i ∈ {1, . . . , θ3 − q} \ I, |Fi| = e0}.
• C3 := {Fi | i ∈ {1, . . . , θ3 − q} \ I, |Fi| < e0}.
• ci := |Ci| for i ∈ {0, . . . , 3}.
• W := {P ∈ S | P 6= Pi∀i ∈ I}.
• Let M be the set of all line-plane flags (l, π) for which l ∩ S is a point
which lies in W .
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Lemma 5.4. We have
(a) C0 ∪ C1 ∪ C2 ∪ C3 is a partition of F.
(b) c1 + c3 ≤ 4q2.
(c) |W | = θ3 − c0.
(d) Every point of W lies on the plane of exactly q3θ2 flags of M .
(e) |M | = |W |q3θ2.
(f) c3 ≤ 2q2 + 6q.
Proof. Statement (a) is obvious from the notation introduced above. The choice
of S together with Lemma 5.3 implies statement (b). Since no two members of F
of size e0 have the same generic part, we have |W | = |S\C0| = |S|−|C0| = θ3−c0
and thus statement (c). Furthermore, each point P ∈ W lies on q3 lines that
meet S only in P and each such line lies in θ2 planes. Hence, for every point
P ∈W , exactly q3θ2 flags (ℓ, π) ofM satisfy ℓ∩S = P , which proves statements
(d) and (e). Finally, statement (f) follows from Lemma 5.1 and
(2q2 + 6q)(e0 − e1) > 2q7 + 3q6 + 4q5 + 3q4 + 2q3 + q2.
Lemma 5.5.
(a) If F ∈ C0, then the generic part of F does not contain a flag of M .
(b) If F ∈ C1, then |F ∩M | ≤ |W |θ2 + q2θ2.
(c) If F ∈ C2, with base hyperplane H, then |F ∩M | ≤ q2θ2, if H = S, and
|F ∩M | ≤ |H ∩W |q2(q + 1) + q2θ2 otherwise.
Proof. (a) The flags of the generic part of F either have a line that is contained
in S or meets S in the base point of F , which is not in W . Therefore these flags
do not belong to M .
(b) We know that F is based on a point P . The generic part of F consist
of all flags whose line contains P . As P /∈ S, we see that the generic part of F
has exactly |W |θ2 flags in M . The special part of F has q2θ2 flags and thus at
most this many flags of M .
(c) We know that F is based on a hyperplane H . The generic part of H
consist of all flags whose plane lies in H . Hence, if H = S, the generic part
contains no flag of M , and if H 6= S, it contains exactly |H ∩W |q2(q + 1) flags
of M . The special part of F has q2θ2 flags and thus at most this many flags of
M .
Lemma 5.6. Suppose that z is an integer such that all except at most one plane
of S have at most z points in W . Then
|W |q3θ2 ≤c1(|W |+ q2)θ2 + c2(zq2(q + 1) + q2θ2) + c3e1 + s+ q3(q + 1)θ2,
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where s is the number of flags of M that are contained in the special part of F
for some EKR-set F of C0. If every plane of S has at most z points in S, then
|W |q3θ2 ≤c1(|W |+ q2)θ2 + c2(zq2(q + 1) + q2θ2) + c3e1 + s.
Proof. Each of the |M | = |W |q3θ2 flags of M is contained in some member of
F = C0 ∪C1 ∪ C2 ∪C3. Hence |W |q3θ2 ≤
∑3
i=0
∑
F∈Ci
|F ∩M |. If there exists
a plane of S with more than z points in W , then denote by z′ its number of
points in W . Otherwise put z′ := z. Since a plane of S lies in q solids other
than S, the preceding lemma shows that ∪F∈C2F and M share at most
(c2 − q)(zq2(q + 1) + q2θ2) + q(z′q2(q + 1) + q2θ2)
= c2(zq
2(q + 1) + q2θ2) + (z
′ − z)q3(q + 1)
flags. Since |F | ≤ e1 for F ∈ C3 and, using z′−z ≤ θ2 for the first assertion and
z′ − z = 0 for the second assertion, they follow from the preceding lemma.
Lemma 5.7. Let π1 and π2 be distinct planes of S. Then
|(π1 ∪ π2) ∩W |q2(q + 1) ≤ 6q3(q + 3) + (|W | − q)3q(q + 1). (8)
Proof. Put W ′ = (π1 ∪ π2) ∩W , and let M ′ be the subset of M that consists
of all flags of M whose line meets S in a point of W ′. Lemma 5.4 (d) shows
that |M ′| = |W ′|q3θ2. Each flag of M ′ lies in at least one of the EKR-sets of
F = C0 ∪C1 ∪C2 ∪C3. Hence |M ′| ≤ d0 + d1 + d2 + d3 where di is the number
of elements of M ′ that lie in some member of Ci.
For F ∈ C3 we have |F ∩M ′| ≤ |F | ≤ e1. Hence d3 ≤ c3e1.
If F ∈ C1, then |F | = e0 and F is based on a point P /∈ S, so the flags of
M ′ that lie in the generic part of F are precisely the |W ′|θ2 flags whose line
contains P and a point of W ′. Since the special part of F has q2θ2 flags, it
follows that d1 ≤ c1(|W ′|+ q2)θ2.
Consider F ∈ C2. Then |F | = e0 and F is based on a hyperplane H . If
H = S, then the lines of all flags of F are contained in S and hence F ∩M ′ = ∅.
Now we consider the case when H 6= S. Then the number of flags of M ′ in the
generic part of F is |H ∩W ′|q2(q+1). This number is at most (2q+1)q2(q+1),
if the plane H ∩S is different from π1 and from π2, and it is |W ∩πi|q2(q+1), if
H ∩S = πi. Since there are exactly q solids that meet S in π1 and as many that
meet S in π2, it follows that the number of flags of M
′ that lie in the generic
part of at least one EKR-set of C2 is at most
q(|W ∩ π1|+ |W ∩ π2|)q2(q + 1) + (c2 − 2q)(2q + 1)q2(q + 1).
The special part of each EKR-set of C2 has q
2θ2 flags and thus at most this
many flags of M ′. Using |W ∩ π1|+ |W ∩ π2| ≤ |W ′|+ q + 1, it follows that
d2 ≤ q(|W ′|+ q + 1)q2(q + 1) + (c2 − 2q)(2q + 1)q2(q + 1) + c2q2θ2.
Finally we consider an EKR-set F of C0. Then |F | = e0 and F is based on
a point P . We know from Lemma 5.5 that only the special part T of F can
contribute to M ′. For T there are the following possibilities:
13
• There exists a line ℓ with P ∈ ℓ and T consists of all flags whose plane
contains ℓ and whose line does not contain P . If ℓ meets S only in P ,
then |T ∩M ′| = |W ′|q. If ℓ is contained in S, then |T ∩M ′| = |ℓ∩W ′|q3,
which is at most 2q3, if P /∈ π1 ∪ π2, and at most q4, if P ∈ π1 ∪ π2. Since
|W ′| ≤ 2q2 + q + 1, it follows that |T ∩M ′| ≤ q4, if P ∈ π1 ∪ π2, and
|T ∩M ′| ≤ q(2q2 + q + 1) otherwise.
• There exists a solid H with P ∈ H and T consists of all line-plane flags
(h, τ) with P ∈ τ ⊆ H and P /∈ h. Then T ∩M ′ = ∅, if H = S, and
|T ∩ M ′| = |H ∩ W ′|q2, if H 6= S. In the second case this number is
|W ′ ∩ πi|q2 if H ∩ S = πi for some i ∈ {1, 2}, and it is at most (2q+ 1)q2,
if H ∩ S /∈ {π1, π2}. Notice that H ∩ S = πi implies P ∈ πi, so that
|W ′ ∩ πi| ≤ q2 + q and hence |W ′ ∩ πi|q2 ≤ q3(q + 1).
Summarizing we see that |T ∩M ′| ≤ q(2q2 + q + 1), if P /∈ π1 ∪ π2, and
|T ∩M ′| ≤ q3(q + 1), if P ∈ π1 ∪ π2, which proves
d0 ≤ (c0 − 2q2 − q − 1 + |W ′|)q(2q2 + q + 1) + (2q2 + q + 1− |W ′|)q3(q + 1)
≤ c0q(2q2 + q + 1) + 2q6 − q5 − |W ′|(q4 − q3 − q2 − q).
It follows that
|W ′|q3θ2 = |M ′| ≤ d0 + d1 + d2 + d3
≤ c0q(2q2 + q + 1) + 2q6 − q5 − |W ′|(q4 − q3 − q2 − q)
+ c1(|W ′|+ q2)θ2 + q(|W ′|+ q + 1)q2(q + 1)
+ (c2 − 2q)(2q + 1)q2(q + 1) + c2q2θ2 + c3e1
and simplifications show
|W ′|q4θ1 ≤ |W ′|qθ2 + q3(2q3 − 4q2 − 4q − 1) + c0q(q2 + θ2)
+ c1(|W ′|+ q2)θ2 + c2q2(θ2 + 2q2 + 3q + 1) + c3e1︸ ︷︷ ︸
=:ξ
. (9)
We put δ := c1+c2+c3, which also implies c0 = θ3−q−δ, and use |W ′| ≤ q2+θ2
as well as c3 ≤ 2q2 + 6q from Lemma 5.4 (f), to see that
ξ ≤ δ(3q2 + q + 1)θ2 + c3(e1 − (3q2 + q + 1)θ2)
≤ δ(3q2 + q + 1)θ2 + (2q2 + 6q)(q4 + 5q3 − q2 − q).
Using this as well as |W ′| ≤ q2 + θ2 and c0 = θ3 − q − δ on the right hand side
of inequality (9) we find
|W ′|q4θ1 ≤ 6q6 + 17q5 + 29q4 − 2q3 − 3q2 + 2q + δ(3q4 + 2q3 + 4q2 + q + 1).
Substituting δ = |W | − q therein implies the statement.
Lemma 5.8. We have c0 ≥ q3 − 18q + 1 and thus |W | ≤ q2 + 19q.
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Proof. Let π1 and π2 be planes of S such that |π1∩W | ≥ |π2∩W | ≥ |π∩W | for
every plane π of S other than π1. Put z = |π2 ∩W |. The number s occurring
in the assertion of Lemma 5.6 is at most c0q
2θ2, since the special part of each
EKR-sets of C0 has cardinality q
2θ2. Therefore, Lemma 5.6 shows
|W |(q3 − c1)θ2 ≤ c0q2θ2 + c1q2θ2 + c2(zq2(q + 1) + q2θ2) + c3e1 + q3(q + 1)θ2.
Since c0 + c1 + c2 + c3 = θ3 − q, the right hand side is equal to
(θ3 − q)q2θ2 + c2zq2(q + 1) + c3(e1 − q2θ2) + q3(q + 1)θ2.
Using c3 ≤ 2q2 + 6q from Lemma 5.4 (f) and the definition of e1 implies
|W |(q3 − c1)θ2 ≤ q7 + 10q6 + c2zq2(q + 1).
We put δ := c1 + c2 + c3, such that |W | = θ3 − c0 = δ + q and thus
(δ + q)(q3 − c1)θ2 ≤ q7 + 10q6 + δzq2(q + 1). (10)
Now, the preceding lemma states
|(π1 ∪ π2) ∩W |q2(q + 1) ≤ 6q4 + 18q3 + 3δ(q2 + q)
and, since |(π1 ∪ π2) ∩W | ≥ |π1 ∩W | + |π2 ∩W | − (q + 1) ≥ 2z − q − 1, this
implies
2zq2(q + 1) ≤ 8q4 + 3δ(q2 + q). (11)
Combining (10) with (11) and using c1 ≤ 4q2 results in
(δ + q)(q3 − 4q2)θ2 ≤ q7 + 10q6 + δ(4q4 + 3
2
δ(q2 + q)).
It is easy to verify that this inequality is not satisfied for δ = q2 + 18q nor for
δ = 23q
3 − 7q2. Since δ occurs quadratic in the inequality, it follows that δ does
not lie in the interval [q2 + 18q, 23q
3 − 7q2]. However, we have δ = θ3 − q − c0
as well as c0 + c1 = |I| ≥ 12 (θ3 − q − c0) and since c1 + c3 ≤ 4q2 this implies
δ < 23q
3 − 7q2, that is, δ ≤ q2 + 18q.
Lemma 5.9. Every plane of S has at most 10q points in W .
Proof. This is an implication of Lemma 5.7 and |W | ≤ q2 + 19q from Lemma
5.8.
Theorem 5.10. We have F = C0.
Proof. Like in the previous proofs we put δ := c1+ c2+ c3, which again implies
|W | = q+ δ as well as δ = θ3− q− c0. From 5.8 and 5.9 we have |W | ≤ q2+19q
and |π ∩W | ≤ 10q for all planes π of S. Therefore Lemma 5.5 shows that each
of the EKR-sets F ∈ C1 ∪ C2 satisfies |F ∩M | ≤ 12q4. Since e1 < 12q4, the
same holds for F ∈ C3. Therefore, the total contribution of all EKR-sets in
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C1 ∪ C2 ∪ C3 to M is at most 12δq4 = 12(|W | − q)q4. The generic part of the
EKR-sets in C0 are disjoint from M . Furthermore, the generic part of every
EKR-set in C0 is disjoined from M and thus it remains to consider the special
parts T (F ) of the EKR-sets F ∈ C0. In view of that we define
γ := |{F ∈ C0 : T (F ) is based on a line ℓ 6≤ S}|,
α := |{F ∈ C0 : T (F ) is based in a line ℓ ≤ S}|,
β := |{F ∈ C0 : T (F ) is based on a hyperplane H}|.
Moreover, we let A be the set of lines ℓ of S such that F(P, ℓ) ∈ C0 for some
point P of ℓ and we let B be the set of all point-hyperplane pairs (P,H) with
F(P,H) ∈ C0 and H 6= S. Then α + β + γ = c0, |A| ≤ α and |B| ≤ β. Recall
that Lemma 5.5 (c) shows that, if F ∈ C0 is such that T (F ) is hyperplane based
with hyperplane S, then T (F ) does not contribute to M . Therefore, we have
|W |q3θ2 ≤ 12(|W | − q)q4 +
∑
ℓ∈A
|ℓ ∩W |q3 +
∑
(P,H)∈B
|H ∩W |q2 + γ|W |q. (12)
Furthermore, since the product of two consecutive integers is non-negative we
have
0 ≤
∑
ℓ∈A
(|ℓ ∩W | − 1)(|ℓ ∩W | − 2)
=
∑
ℓ∈A
|ℓ ∩W |(|ℓ ∩W | − 1)− 2
∑
ℓ∈A
|ℓ ∩W |+ 2|A|
≤ |W |(|W | − 1)− 2
∑
ℓ∈A
|ℓ ∩W |+ 2|A|.
Since α + β + γ = θ3 − |W | and |A| ≤ α we have |A| ≤ θ3 − |W | − β − γ and
thus this equation implies
∑
ℓ∈A
|ℓ ∩W | ≤ 1
2
|W |(|W | − 3) + θ3 − β − γ.
Using this and |B| ≤ β in (12) we find
L := |W |q3
(
θ2 − 1
2
(|W | − 3)
)
≤ 12(|W | − q)q4 + (θ3 − γ)q3
+ γ|W |q +
∑
(P,H)∈B
(|H ∩W | − q)q2. (13)
Now, we first show that the coefficient of γ in this equation is negative, so
that we may omit γ therein. Since |W | ≤ q2 + 19q we have L ≥ 13 |W |q5.
Furthermore, Lemma 5.9 shows |H ∩W | ≤ 10q for all (P,H) ∈ B and, since
|B|+ γ ≤ β + γ ≤ θ3 − |W |, we find that
γ|W |q +
∑
(P,H)∈B
(|H ∩W | − q)q2 ≤ γ(q3 + 19q2) + 9q3|B| ≤ (θ3 − |W |)9q3.
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Using this as well as |W | ≤ q2 + 19q and L ≥ 13 |W |q5 in Equation (13) we have
1
3
|W |q5 ≤ 12(q2 + 18q)q4 + θ3q3 + (θ3 − |W |)9q3
and thus |W | ≤ 12q2. Hence, the coefficient |W |q − q3 of γ in (13) is negative
and therefore γ can be omitted in the inequality. Doing that, replacing |W | by
q + δ and simplifying we find
(q + δ)q
(
q2 +
1
2
(q − δ + 5)
)
≤ 12δq2 + θ3q +
∑
(P,H)∈B
(|H ∩W | − q). (14)
If π is a plane of S, then the number of (P,H) ∈ B with H ∩ S = π is at most
θ2 − |π ∩W |. Also, if π1 and π2 are distinct planes of S, then
|π1 ∩W |+ |π2 ∩W | ≤ |W |+ |π1 ∩ π2 ∩W | ≤ 2q + 1 + δ. (15)
We claim that
∑
(P,H)∈B
(|H ∩W | − q) ≤ 1
2
(θ3 − q − δ)(δ + 1). (16)
Since |B| ≤ θ3−q−δ, this is clear if |H∩W | ≤ q+ 12 (δ+1) for all H ∈ B. Hence,
we may assume that there exists a flag (P0, H0) ∈ B with |H0 ∩W | = q + x
and x ≥ 12 (δ + 1). Then Equation (15) implies |H ∩ W | ≤ q + 1 + δ − x
for all (P,H) ∈ B with H ∩ S 6= H0 ∩ S. Furthermore, if (P,H) ∈ B with
H ∩ S = H0 ∩ S, then P ∈ H0 ∩ S and hence this happens at most θ2 − q − x
times. Together this implies
∑
(P,H)∈B
(|H ∩W | − q) ≤ (θ2 − q − x)x + (θ3 − q − δ − (θ2 − q − x))(δ + 1− x)
=
1
2
((θ3 − q − δ)(δ + 1)− ξ(ξ + q3 − q2)),
where ξ := (2x− δ − 1) > 0 and thus (16) holds either way.
Now, we may use the bound (16) in Equation (14) to find
(q + δ)q
(
q2 +
1
2
(q − δ + 5)
)
≤ 12δq2 + θ3q + 1
2
(θ3 − q − δ)(δ + 1),
which is equivalent to
1
2
δq(q2 − 25q − δ + 5) + 1
2
δ2 ≤ (q2 − q + 1)q + 1
2
. (17)
Using δ = |W | − q < 12q2, this implies δ < 3 and thus δ ≤ 2, that is, it remains
to show δ /∈ {1, 2}.
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First consider δ = 2. Then Equation (14) shows
1
2
(3q3 − 45q2 + 4q) ≤
∑
(P,H)∈B
(|H ∩W | − q).
Since |B| ≤ c0 = θ3− q− δ and since |H ∩W | ≤ |W | = q+2 for all (P,H) ∈ B,
this implies |H ∩ W | > q + 1 and thus |H ∩ W | = q + 2 = |W | for at least
1
2 (q
3− 47q2+4q+2) elements (P,H) ∈ B. Notice that |H ∩W | = q+2 implies
W ⊆ H , that is, W ⊆ H ∩ S. Therefore W spans a plane σ of S. However,
(P,H) ∈ B with W ⊆ H implies P ∈ H ∩ S = σ and this may happen at most
θ2 − |W | = q2 − 1 times, a contradiction.
Now, suppose that δ = 1. Then Equation (14) shows
1
2
(q3 − 21q2 + 2q) ≤
∑
(P,H)∈B
(|H ∩W | − q)
and, since |H ∩W | ≤ |W | = q+1 for all (P,H) ∈ B, this implies that there are
1
2 (q
3−21q2+2q) elements (P,H) ∈ B with |H∩W | > q and thus |H∩W | = q+1.
Now, if W spans a plane σ then we have seen above that there are at most
θ2 − |W | = q2 elements (P,H) ∈ B with W ≤ H , a contradiction. Therefore,
we may assume that W spans a line ℓ, only. Hence, finally, there exists only
one EKR-set F in F \C0. Now, the special parts of the EKR-sets of C0 do not
contain any flag (h, π) with π ∩ S = ℓ and therefore these q2θ2 flags must lie in
F . This implies that F may not be a subset of a hyperplane-based EKR-set,
nor may it be a subset of a point based EKR-set with point outside of S. Hence,
we have |F | ≤ e1.
Now, reconsider the set M of all |W |q3θ2 = (q+1)q3θ2 flags (h, τ) such that
h ∩ S is a point of W . Each point P ∈ S \W is the base point of exactly one
EKR-set of C0 and we let S(P ) be its special part. Then M is a subset of the
union of F and the sets S(P ) with P ∈ S \W . The q2(q + 1) points of S \W
are distributed in the q + 1 planes of S on ℓ. Consider such a plane π and let
• γπ be the number of points P ∈ π \ ℓ for which S(P ) is based on a line
that meets S only in P ,
• let aπ be the number of points P ∈ π \ ℓ for which S(P ) is based on a line
that is contained in S, and
• let bπ be the number of pairs (P,H) ∈ B with P ∈ π.
Then there are at most γπ(q + 1)q + aπq
3 flags in M that lie in S(P ) for some
point P ∈ π \ ℓ such that S(P ) is based on a line. Now, consider the bπ pairs
(P,H) ∈ B with P ∈ π. The special part S(P ) of every such pair contains
|H ∩ ℓ|q2 pairs of M . If ℓ 6⊆ H , then this is q2 and otherwise it is q2(q+1). For
distinct (P1, H1), (P2, H2) ∈ B with P1, P2 ∈ π and π ⊆ H1 = H2, the q2 flags
(g, τ) ∈ M for which τ ∩ S = P1P2 (and hence g ∩ S = P1P2 ∩ g) lie in both
S(P1, H1) and S(P2, H2), so that the number of flags of M that lie in S(P2) but
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not in S(P1) is at most q
3. Since there are q hyperplanes on π different from S,
these arguments show that the union of the special parts S(P ) for the bπ points
in question is at most q · (q + 1)q2 + (bπ − q)q3 = (bπ + 1)q3. Therefore, the
union of the special parts S(P ) for all points P ∈ π \ ℓ contains at most
γπ(q + 1)q + aπq
3 + (bπ + 1)q
3 ≤ (γπ + aπ + bπ)q3 + q3 = (q2 + 1)q3.
Since there are q + 1 planes of S on ℓ, it follows that
(q + 1)q3θ2 ≤ |F |+ (q + 1)(q2 + 1)q3
which shows |F | ≥ (q + 1)q4. This is a contradiction to |F | ≤ e1.
Corollary 5.11. The chromatic number of qK5;{2,3} is θ3 − q.
remark: We have also shown that every coloring class of a coloring with
q3 + q2 + 1 colors is a subset of a maximal independent set of qK5;{2,3}, that is
an independent set of cardinality e0.
A Appendix
In [1], the authors investigate EKR-sets of line-plane flags in PG(4, q). In the
proof of their classification result, they consider EKR-sets of line-plane flags
in PG(4, q) which are not contained in one of the sets given in Example 3.1.
For this, the authors distinguish several cases for the structure of such a set
and, in most cases, provide an upper bound for its size. The weakest of these
upper bounds is the number e1 and it is given in the general case of the proof
of Lemma 4.3 of [1].
However, in Case D of Section 4.1 they do not actually provide an upper
bound, but only show that in this case, the sets cannot be contained in a set
of Example 3.1. In order to use their result we first have to provide an upper
bound for that case, too, and we shall do so below. We adapt their notation for
the remainder of the appendix.
We are in the situation that there is one red plane A0 and all of its lines are
red as well. If there are more than q + 1 red planes, then the arguments in [1]
(second paragraph of section D) show that the number of elements in the EKR
set is at most e1. So here we consider the case that there are at most q red
planes apart from A0.
If A is a yellow plane, then A∩A0 is a line (so A0+A is a solid) and A has a
unique point p(A) which lies in A0 and such that a flag (L,A) is in C if and only
if p(A) ∈ L. The following holds and will be used several times below: If A1 and
A2 are yellow planes, then p(A1) ∈ A2 or p(A2) ∈ A1 or A0 +A1 = A0 +A2.
Suppose for any two yellow planes A1 and A2 with p(A1) = p(A2) we have
A0 ∩ A1 = A0 ∩ A2. Then each point P of A0 satisfies P = p(A) for at most
q2+q yellow planes. In this situation, there are at most θ2(q
2+q) yellow planes.
Suppose now that there is a point P and two yellow planes A1 and A2 with
A0 ∩ A1 6= A0 ∩ A2 and p(A1) = p(A2) = P . Then each yellow plane must
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satisfy P ∈ A or A ⊆ A0 +A1 or A ⊆ A0 +A2. The number of yellow planes is
thus at most 2(q3 + q2 + q) + (q+1)(q2 − q). Note that equality can occur only
when the solids 〈A0, A1〉 and 〈A0, A2〉 are distinct.
In any case, the number of yellow planes is at most y := 3q3+2q2+ q. If A0
is the only red plane, it follows that |C| ≤ θ22 + yq ≤ 4q4+4q3+4q2+2q+1. If
A0 is not the only red plane and there are q others red planes A, then we treat
these as the yellow planes above by choosing for p(A) any point of A∩A0. Then
the bound for |C| is almost the same except that we have to add q · q2, namely
q2 more flags for each of the q red planes. Hence |C| ≤ e1.
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